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, Abstract 

Let Mmxm denote the set of m x m matrices with complex en- 
tries, and let G{di, . . . , 9„) be an m x m matrix whose entries are 
^ partial differential operators on M"' with constant complex coeffi- 

^ ■ cients. It is proved that G{di, . . . , dn)0S is the generating distribution 

^sO . of a smooth one-parameter convolution semigroup of M^xm-valued 



o 



rapidly decreasing distributions on M" if and only if 
sup Rec7(^(i^i, . . . < oo. 

Applications to systems of partial differential operators with constant 
coefficients are considered. 

- . Introduction 

One-parameter semigroups in the convolution algebra 
of rapidly decreasing distributions 



n. 



Let Mmxm be the set of m x m matrices with complex entries, and 0^ 
Mmxm) the convolution algebra of M^xm-valued distributions on R" rapidly 
decreasing in the sense of L. Schwartz. The Fourier transformation 3" is an 
isomorphism of 0^(]R"; Mmxm) onto the algebra Om(M"", Mmxm) of Mmxm- 
valued infinitely different iable slowly increasing functions on R". We prove 
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that G e Oq{W^; Mmxm) is the generating distribution of a one-parameter 
infinitely differentiable convolution semigroup {St)t>o C C^(M";Mmxm) if 
and only if 

max{ReA : A e <j((3^G)(0)} = 0(log|e|) as \i\ ^ oo. (i) 

In the above, a denotes the spectrum of a square matrix. 

If G = ^(c?i, . . . , dn)®5 where 5 is the Dirac distribution on M", c?i, . . . , 
denote the first order partial derivatives with respect to the coordinates 
of R", and ^((9i, . . . , (9„) is an m x m matrix whose entries are scalar partial 
differential operators (PDOs) with constant coefficients, then = 
Q{iC) for every ^ e R", and condition (i) takes the form 

max{ReA : A e a{g{ii))} = 0(log|e|) as \i\ ^ oo. (i)' 

Thanks to the fact that det(Almxm — ^(Ci) ■ ■ ■ i Cn)) is a polynomial, L. Gar- 
ding was able to prove the conjecture of I. G. Petrovskii that (i)' is equivalent 
to the condition 

sup{ReA : A e (7(^(iO), C e K"} < oo- (ii) 

Application to the Cauchy problem for partial differ- 
ential equations with constant coefficients 

Suppose that Q{di,..., 9„) satisfies (n), and {St)t>Q C (9^(]R"; M^xm) is the 
infinitely differentiable convolution semigroup with generating distribution 
Q{di,..., dn) ® 5. Suppose moreover that 

£" is a sequentially complete l.c.v.s. continuously imbedded 
in <S'(M"; C™) such that [St *)E C E for every t e [0, oo[, and 
the mapping [0,oo[ x E 3 {t,u) ^-^ St * u e E is separately 
continuous. (iii) 

Then {{St *)\E)t>o ^ L{E; E) is a one-parameter operator semigroup of class 
(Co) whose infinitesimal generator Qe satisfies the equalities 

Di^E) ^{ueE: g(di, ...,dn)ue E}, 
Qeu = Q{di, . . . , dn)u Hue D{gE). 

We prove that if (iii) holds, then for every A; = 1, 2, . . . the Cauchy problem 
^u{t)^g{di,...,dn)u{t) forie[0,oo[, M(0) = iio, (iv) 
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with given uo e D{Ge) ^ solution u{-) G C'^([0, oo[; E) which is unique 
in the class C^{[0, oo[; (S'(M"; C")). This solution is given by the formula 

u{t) — St*Uo for t e [0, oo[. (v) 

Examples of spaces E satisfying (iii) are given in Sec. 8. 

Hyperbolic partial differential systems with constant 
coefficients 

The matricial partial differential operator Imxm ^ dt — Q{di,...,dn) on 
j^i+n _ i^(t^xi, . . . ,Xn)} is called hyperbolic with respect to the coordinate t 
if (ii) holds and the hyperplane t = is non-characteristic for the operator. 
This last holds if and only if 

the degree of the polynomial of 1 + n variables 

P(A, Cl, . . . , Cn) = det(Al„xm - GiCl, Cn)) 

is equal to m. (vi) 

Suppose that (ii) is satisfied and {St)t>o C O'^iM."", Mmxm) is the infinitely 
differentiable convolution semigroup whose generating distribution is 
Q{di, . . . , dn) ® 5. Then the question arises about properties of {St)t>o cor- 
responding to (vi). Wc prove that 

(a) if (vi) holds, then {St)t>o extends to a one-parameter convolution group 
{St)t&L such that suppS't is bounded for every t G M, and 

(b) if (vi) does not hold, then supp St is unbounded for every t G ]0, oo[. 

1 The setting and results 
1.1 Notation 

Throughout the present paper the symbols di, . . . ,dn denote partial deriva- 
tives of the first order (not multiplied by any constant) of a function or 
distribution on R". For partial derivatives of higher order we use the abbre- 
viation d°' — d^^ . . . 9"" where a — (cti, . . . , «„) G Nq is a multiindex whose 

length is defined as \a\ — ai-\ |-q;„. <S(M") and <S'(R"') denote the space of 

infinitely differentiable rapidly decreasing complex functions on and the 
space of slowly increasing distributions on R". The Fourier transformation 
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3^ is defined by the formulas 

...J e~'^'^-^'"'^''(p{xi,...,Xn)dxi...dxn (1.1) 

wlienever G 5(M") and (^i, . . . , C„) G M", and 

( JT, yp) = (T, 3^^) (1.2) 

wlienever T G 5'(M"), v? G 5(R") and 3^(^ is determined by (O). The 
compatibility of (11. 2p with (II. ip follows from the Parseval equality for a 
pair of elements of iS(]R"'). 

1.2 The function algebra 0^/(1^") and the convolution 
algebra of distributions 0[^(M") 

Let Om(IR") be the space of infinitely dijferentiable slowly increasing com- 
plex functions on M". Recall that (p G (9a/(]R") if and only if for every a G Nq 
there is G Nq such that 

sup(l + |^|)""'°|9"0(OI < oo. 

Obviously OmI^"") is a function algebra. Furthermore 

C)m(M") = {0 G C°°(R") : ■ G S{W) for every G 5(M")}. (1.3) 

For every A; G Nq denote by Bfc(R") the space of continuous complex 
functions / on M" such that f{x) = 0{\x\~'') as |x| — )■ oo. A distribution 
T G 'D'(M") is called rapidly decreasing if for every A; G Nq there is G Nq 
such that T = E|a|<m, -9"^,, where fk,a e Bfc(M-) for every a G with 
|q;| < mfc. The space of rapidly decreasing distributions on M", denoted by 
0^(M"), is a convolution algebra *|. One has 

O'ciW) = {T e S'{W) : T * ^ G S{W) for every cp G 5(M")}. (1.4) 

Since Cm(K") and 0^(M'^) are subsets of 5'(R'^), 3^0m(K'') and g^C>^(M") 
make sense. Furthermore, 

m'ciW) = Ca/(M") (1.5) 
*) See [51 Sec. VII.5, pp. 246-248], pTRl pp. 131-134]. 
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and 



3^(U *V) = ( Jt/) ■ ( JV) 
for every U,V E C»^(M") *1 The equality ffT^ 



means that the Fourier 



(1.6) 



transformation is an (algebraic) isomorphism of the convolution algebra of 
distributions 0'q(W^) onto the function algebra Om(M"')- 

By the closed graph theorem, it follows from (11. 3p and (ll.4p that the 
operators ■ for (p G OmI^"^) and T* for T G Oq{M.^) belong to the space 
L(5(]R"); iS(M"')) of continuous linear operators from 5(M") into 5(M"). 
Let Lb(5(M"); S{W)) denote the space L(5(M"); S{W)) equipped with the 
compact-open topology. The sets of operators Om(M"') ■ and Oq(M."') * are 
closed subspaces of Lfe(iS(M"); iS(M"')), and we treat them as equipped with 
the induced topology. The Fourier transformation is a continuous isomor- 
phism of Oq{W^) onto Cm(K"')- Furthermore, the bilinear maps Ca/ (M") x 
Om(M") 3 {(f),'^) ^ (f)--^ e CAf(K") and C^(M") x C^(M") 3 {S,T) ^ 
S * T E 0'q(W^) are hypocontinuous. We shall prove the latter fact; the 
proof of the former is the same. Since iS(M'^) is a barrelled space, the bound- 
edness of a subset of L;,(iS(R"'); iS(M")) is equivalent to its equicontinuity. 
This implies that composition in Lf,(iS(]R"); iS(M")) is hypocontinuous. Since 
for U,V G O'ciW) one has (5 *)|5(Mn), (l^*)|5(Kn) G L{S{W);S{W)) and 
{{U * V)*)\s(R''^) = {U*)\s{M:ri) o {V*)\s{R"), it follows that convolution in 
0^(]R") is hypocontinuous. 

1.3 The function algebra OmO^^', Mmxm) and the con- 
volution algebra of distributions 0'(j{W^; Mmxm) 

Let m,n G N, and let Mmxm be the set of m x m matrices with com- 
plex entries. Denote by Om{^"", Mmxm) the space of functions of the form 
: R" 9 e ^ (0i,fc(O)rfc=i ^ ^-xm such that 0,,^ G Om(M") for all 
j,k. This spaces carries the topology of Om{^^)"^^ where each factor is 
equipped with the topology induced by Lb{S{W); 5(]R")). Multiplication in 
Om(I^"; Mmxm) is defined by the rule 



O M i^"", Mmxm) is a locally convex algebra with hypocontinuous multipli- 
cation. 

*) See [52 Sec. VII.8, Theorem XV, p. 268], [iTRl Theorem 8.23, p. 156]. 



m 
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Denote by C;^(M";M^xm) the space oi m X m matrices T — (Tj f^)Yk=i 
such that Tj-fc e (^^^.(M") for all j,k. The convolution in CM(K";Mmxm) is 
defined by the rule 



m 

s*t={J:s,,*t„)1^. 



The space (9^(R"; M^xm) carries the topology of (9^(]R")™^ where each fac- 
tor is equipped with the topology induced by Lb{S{M."-); 5(]R")). The l.c.v.s. 
Oq{W^] Mmxm) is a locally convex associative convolution algebra of M^xm- 
valued distributions. Convolution in 0^(]R";Mmxm) is hypocontinuous. 
The analogues of (11.51) and (11.61) are valid for Om(M"", M^xm) and 

Oq{W^; Mmxm)- 

1.4 Infinitely different iable one- parameter convolu- 
tion semigroups in 0'fj{W^; Mmxm) 

By a one-parameter infinitely differentiable convolution semigroup in 
Oq{W^; Mmxm), briefly i.d.c.s., we mean a mapping 

[0,oo[3t^Ste 0^(M"; Mmxm) (1.7) 

such that 

Ss+t = Ss * St for every s,t E [0, oo[, (1.8) 

Sq = Imxm ® S where Imxm is the unit m x m matrix and 6 

is the Dirac distribution on M", (1-9) 

the mapping (ll.7p is inflnitely differentiable. (1-10) 

In (ll.lOp it is understood that the derivatives at zero are right derivatives, 
and that the topology in OQiM."", Mmxm) is that deflned in Sec. 11.31 

The generating distribution of the i.d.c.s. {St)t>o C Oq(W^; Mmxm) is 
defined as 

S, £ «,(R"i M„ 



dt 



t ~ 1 ^^^mxm) 

t=0 



It follows that 

^5*4 = G * St = St * G for every t G [0, oo[. 

Furthermore, any i.d.c.s. inO'(j{W^] Mmxm) is uniquely determinedby its gen- 
erating distribution. Indeed, suppose that G G OqIMJ^; Mmxm) is the generat- 
ing distribution of two i.d.c.s. {St)t>o, (Tt)t>o C (9^(M"; Mmxm)- Fix any t G 
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]0,oo[. Then (S^ *)\siRr^-c^), (Tt-r *)\s{m-;C^) e L(5(M"; C™); 5(M"; C"*)) 
and 

{{Sr*Tt-r)*)\s{R";C^) = (5'r *) |5(iR";C™) o (^t-r*) |5(iR";C™) for eveiy rG[0,t]. 

Since 4S(M";C™') is a Montel (and hence barrelled) space, one infers from 
the Banach-Steinhaus theorem that the function [0, t] 3 r Sr * Tt-r G 
0'q{W^] Mmxm) is continuously differentiable and 



dr \dT J \dT ^ 

Consequently, 

^(^. * Tt-r) = {Sr * G) * Tt-r ' Sr * {G * Tf-r) = 0, 

by associativity of the convolution in C^(M"'; M^xm), so that 5",- * Tt-r is 
independent of r for r G [0, t], and St = {Sr*Tt-r)\T=t = {Sr*Tt-r)\T=o = Tt. 

The Cauchy problem for a PDO with constant coefficients can be reduced 
by Fourier transformation with respect to the spatial coordinates to the 
Cauchy problem with a parameter for an ODO. In the framework of the 
spaces C^(M"; M^xm) and (9^/(R"; Mmxm) this method consists in making 
use of the following 

Lemma. Suppose that G G O'^lW^; Mmxm) o.nd let A = 3^G, so that A G 
Om{^^'^ Mmxm) ■ Then the following two conditions are equivalent: 

(a) G is the generating distribution of the i.d.c.s. {St)t>o C (9^(]R"; Mmxm), 

(b) exp{tA{-)) G Om{^"", Mmxm) for every t G [0,oo[ and the mapping 
[0, oo[ 3 t exp{tA{-)) G Om(R"; Mmxm) is infinitely differentiable. 

Furthermore, if A = 3^G and (a), (b) are satisfied, then exp(t74(-)) = 3^St 
and 

(•S't *)|5,(]Rn.cm) = 5""^ o [(expty4(-)) ■] o 5'|5,(Kn.cm) for every t G [0,oo[. 

Basing on the above lemma we shall prove four theorems. For this pur- 
pose we shall use some intricate facts concerning 0'(j and Om-, which for the 



most part are only mentioned in [S3j, and are presented in detail in |K3] . 



For any B G Mmxm denote by (y{B) the spectrum of the matrix B. 

Theorem 1. A distribution G G (9^(M"; Mmxm) is the generating distribu- 
tion of an i.d.c.s. {St)t>o C C^(M"; Mmxm) if and only if 

max{ReA : A G a((JG)(0)} = 0(log|^|) as |^| ^ oo, ^ G M". (1.11) 
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The quantity 

s{G) := sup{ReA : there is ^ G M*" such that A G a{{JG){C))}, (1.12) 

finite or equal to +00, will be called the spectral bound of G. For any i.d.c.s. 

{St)t>o C O'ciW"; M^x™) let 

uj{{St)t>o) '■= inf{a; G M" : the one-parameter semigroup of 
operators 

((e-"*5t*)|5{M";C'"))t>o C L(5(M";C'");5(M";C'")) 
is equicontinuous} (1-13) 

where it is assumed that inf = +00. We call uj{{St)t>o) the growth bound 
of the i.d.c.s. (^t)t>o4 

Theorem 2. For every i.d.c.s. {St)t>o C C^(M";Mm,xm) Us growth bound 
is equal to the spectral bound of its generating distribution. 

Let Q{di, . . . , dn) he an m x m matrix whose entries are PDOs on 
with constant complex coefficients. Let 6 be the Dirac distribution on M". 
Then g{di, . . . , (9„) O 5 G O^l^"; M^xm) and 

[^^{g{^,,...,^r,)®6)m = G{^^l,■■■,^U 

for every ^ = (,^1, . . . , G M". The quantity 

So(e?) := sup{Re A : A G a{g{i^,, i^n)), (6, • • • , ^n) e 

is equal to the spectral bound of the distribution Q{di, . . . ,dn) ® S. It 
was conjectured by I. G. Petrovskii [P| footnote on p. 24] and proved 



by L. Garding [G, Lemma on p. 



1] that sq{Q) < 00 if and only if G 



g{di, . . . , dn) CS) 5 satisfies fll.lip **% Therefore Theorems 1.1 and 1.2 imply 



In (|1.13p the growth bound with respect to iS(M"; C™) is defined. The growth bounds 
with respect to some other spaces invariant for the semigroup {St *)t>o are also equal to 
the spectral bound of the generating distribution. See [B] and \K2\ Theorem 1] . For one- 
parameter semigroups of operators in a Banach space the relations between the growth 
bound of the semigroup and the spectral bound of its generator are discussed in great 
detail in [ElTl Sec. IV.2]. 

**) If G = g{di, . . . ,a„) (g) (5, then (|LTT|) takes the form sup{ReA : A g cr{g{i£,))} = 
0(log|^|) as 1^1 — T' 00, and in this form (|l.lip occurs in [Pj Sec. 1.5]. However, usually 
the "Petrovskii condition" means the assumption that sq{Q) < 00. 
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Theorem 3. Let Q{di, . . . , dn) be anmxm matrix whose entries are PDOs 
on M" with constant complex coefficients. Then the following two conditions 
are equivalent: 

so{G) < oo, (1.14) 

Q{di, . . . , dn) ® S is the generating distribution of an i.d.c.s. 

(^Ot>o C 0^(M";M„xm). (1.15) 

Furthermore, if these equivalent conditions are fulfilled, then there is ex- 
actly one i.d.c.s. {St)t>o C C^(]R"; M^xm) satisfying fll.lSp , and the growth 
bound of this i.d.c.s. is equal to So(^). 

Example 1. Let m = 1, g{di, . . . , 9„) = i{dj + ■■■ + dl). Then so(^) = 
So(^^) = 0, so that Q{di, . . . , (9„)5 and —Q{di, . . . , dn)6 are generating dis- 
tributions of i.d.c.s. imbedded in 0'q(W^). Consequently, i{df + ■ ■ ■ + d'^)S 
is the generating distribution of an infinitely differentiate one-parameter 
convolution group {St)t&j^ C 0^(]R"). This group of distributions satisfies 
the Schrodinger partial differential equation 

dtSt = i{dl + --- + dl)St, 

one has Sq = 5, and for every t G R" \ {0} the distribution St is equal to 
the bounded function belonging to (M") such that 

j whenever x G M". 



The factor [Aitit) is defined as ( ■ J " where arg V Aitit = (vr/4) sgnt. 
See [Ool p. 54], [H p. 107], [SD p. 48].'The direct proof that St C C^(M") 
is on p. 245 of [S2j . Another proof is by Fourier transformation: one has 



{■JSt){0 = e-^*l«l', so that S'St G CAf(M"), and hence St C C^(M") 



Example 2. Following J. Ranch [Rl Sec. 3.10] we look for solutions of class 
C°°([0, oo[; 5(M")) of the Cauchy problem 

m 

^ Qkidi, . . . , dn)dtU{t, Xi,...,Xn) =0 
k=0 

for (t, Xi, . . . , Xn) G [0, cx)[ X M", 
dfu{0, Xi, . . . , Xn) = UkiXi, . . . , x„) 

for /c = 0, . . . , m - 1 and (xi, . . . , x„) G M*^, (1-16) 
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where Qk{di, . . . , dn), k = 0, . . . ,m, are linear partial differential operators 
with constant coefficients, and Uk G iS(]R"), A; = 0, . . . , m — 1, are given. As 
in [Rl Sec. 3.10], we assume that the polynomial 

P(A,Cl,...,Cn) =Qr„(Cl,---,Cn)A'" + --- + gi(Cl,...,Cn)A + Qo(Cl,---,Cn) 



has two properties: 

sup{Re A : A G C, there is ^ G such that P(A, i^) = 0} 
So < oo, 

Q^{i^) ^ whenever ^ G M". 
For every ^ G denote by G{^) the matrix 



1 




(1.17) 
(1.18) 



QoiiQ 



M) 



By [HI Example A. 2. 7] there is mo G N such that 

sup{(l + |el)-'"1Q„^(^0"'l : e G Mn < oo- 

Since 9"(Q^(iO"^) = <5m(^C)"^"'"'^(0 for every a G N[J where P(0 is a 
polynomial, it follows that Qm{i-)~^ G (9Af(M"). Consequently, 



G G Oa/(M"'; MmxmJ 



;i.l9) 



Furthermore, 

det(Al^x™-G'(0) = A"^ + 
whence 



<5m(^0 



Qm(«0 Qm{iO'' 



a{G{O) = {\eC:P{\,tO = 0}, 
and so fll.l7p implies that 

sup{ReA : A G a(G(0), ^ G M"} = So. 



;i.2o) 



From (11.191) it follows that there is a unique distribution G G Oq{W^; Mmxm) 
such that 3^G = G. By Theorems [U and Ej (11.201) implies that G is the 
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generating distribution of an i.d.c.s. {St)t>o C O'qIM."-; Mmxm) such that 
^^{{St)t>o) = So and 



Qr 



dtSt 



1 




1 





1 



Qm—2 Qm—1 



for every t G [0, oo[ where Qk = Qk{di, . . . , 9„) for k = 0, . . . , m. By ar- 
guments similar to that presented in Sec. 8, the above imphes that, under 
the assumptions fll.l7p and (11.181) . for every uq, . . . ,Um-i G 5(]R") and 
u G C°°([0, oo[; iS(M")) the following two conditions are equivalent: 

(a) M is a solution of the Cauchy problem fll.l6p . 
u{t,-) Uo 

(b) =St* . fortG [0,oo[. 







Uq 


dtu{t, ■) 


= St* 


Ul 




_dr-Mt, ■). 







If only the condition fll.l7p is satisfied and fll.l8p may fail, then the 
i.d.c.s.'s in O'ciW"; Mmxm) seem not to be useful, but 0^(]Ri+") can be 
used to express the properties of the fundamental solution for the operator 
Qm{du . . . , <9„)9i™ + ■ ■ ■ + Qi{di, dn)dt + Qol^i, • • • , <9„) with support 
contained in if+ = . . . ,Xn) G ]R^+" : t > 0}. See the article of the 

present author in larXiv: 11 05.08771 

Comments. I. G. Petrovskii [P] was the first to notice the significance of 
smooth slowly increasing functions in the theory of evolutionary PDEs. The 
theory of distributions did not yet exist in 1938 when [P] was published, and 
only in 1950 did L. Schwartz explain in |Slj how the results of Petrovskii 
may be elucidated by placing them in the framework of O'q. However in [Slj 
the spectral properties of [3^{Q{di, . . . , (9„) = . . . , iin) were not 

discussed. 

UGeO'ciW^-Mrnxm) andArG = {(A,0 G CxR" : det(Al^x,n-(3^G')(0) 
= 0}, then (11. lip may be expressed in an equivalent form: there is C G ]0, oo[ 
such that 



if (A,OeA/'G, then ReA<C(l + log(l + |^|)). 



'1.11^ 



As mentioned earlier, just this logarithmic condition was used in [P]. In con- 
nection with convolution equations similar logarithmic estimates (in C^^" 
instead of CxM") were used by L. Ehrenpreis in [Elj and in |E2[ Sec. VIII. 3]. 
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Logarithmic estimates related to convolution equations also occur in elab- 
orate theorems of L. Hormander [HI Sees. 16.6 and 16.7]. The role of con- 
ditions fll.l4p and (11. lip in the theory of evolutionary PDOs with constant 
coefficients is discussed in [R, Sec. 3.10]. 

From the above-mentioned Petrovskii conjecture proved by Garding, and 
from Theorem [3l it follows that whenever the generating distribution G G 
O'ci^""; Mmxm) of an i.d.c.s. {St)t>o C C^(M";M„xm) has the form G = 
Q{di, . . . ,dn) ^S, then 

sup{Re A : A G (T{g{i^i, z^n)), (^i, . . . , a) G M"} = Sq < oo, 

and whenever e > 0, then the semigroup of operators 

((e-(^o+^)*5,*)|5(K.;C"o)t>o C L(5(M";C"^);5(M";C")) 

is equicontinuous. As noticed by L. Schwartz |S2], the theory of equicontinu- 
ous one-parameter semigroups of operators in an l.c.v.s. imitates the theory 
of one-parameter semigroups of operators in a Banach space. A detailed 
presentation of the theory of equicontinuous one-parameter semigroups of 
operators in a sequentially complete l.c.v.s. is contained in Chapter IX of 
the monograph of K. Yosida |Y] . 

1.5 Relation to hyperbolic systems of PDOs 

Let £^'(]R") be the space of distributions on M" with compact support, 
equipped with the topology of uniform convergence on bounded subsets of 
C°°(M"). L. Ehrenpreis [E2l Sec.V.5] proved that £'(R") = {T G ©'(M") : 
T* G L{V{W);V{W))} and the topology induced in S'{W) by Lb{V{W); 
2)(M")) via the mapping T T * coincides with the original topology of 
S'{W^). This topology is stronger than the one iduced on £'(R") by C^(R"). 
See [SSI Sec. III.7], [E2l Sec. V.5, Lemma 5.17]. Let r(M";M^xm) be the 
space of Mmxm-valued distributions on R" with compact support, i.e. the 
space of m X m matrices whose entries belong to £'{W^). With the topol- 
ogy of £^'(R")™^ and convolution defined as in C^(M";Mmxm), the space 
£'(R"; Mmxm) is a convolution algebra with continuous convolution. See 
[SH Sec. VII.3, Theorem IV]. 

As in Theorem 1.3, let g{di, . . . , 9„) be an m x m matrix whose entries 
are PDOs on M" with constant complex coefficients. Put 

P(A, Cl, . . . , Cn) = det(Al„xn^ ' QiCu • • • , Cn)) (1.21) 

where (A, Ci, • • • , Cn) G Ci+". 
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Theorem 4. Assume that Q{di, ... ,dn) satisfies condition f ll.l4p . and let 

{St)t>o C O'fjiW^; Mmxm) be the i.d.c.s. whose generating distribution is 
Q{di, . . . , On) ® 5- Then the following three conditions are equivalent: 

there is to e ]0, oo[ such that Sto G S'{W'; Mmxm), (1-22) 

the polynomial P(A, Ci, • • • , Cn) defined by fll.2ip has de- 
gree m, (1.23) 

{St)t>Q is an i.d.c.s. in the topological convolution algebra 
£'{W^]Mmxm), o.nd may be uniquely extended to a one- 
parameter infinitely differentiable subgroup o/£'(M"'; Mmxm) ■ (1-24) 

Let 

iV = {(A, Ci, . . . , Cn) G Ci+" : P(A, Ci, . . . , Cn) = 0}. (1.25) 
The matricial PDO 

'Inixm®dt-I3{di,...,dn) (1.26) 

on R-^"*"" = {(t, xi, . . . , Xn) : t G M, (xi, . . . , x„) G M"} is said to be hyperbolic 
in the sense of Ehrenpreis with respect to the coordinate t if there is C G 
]0, oo[ such that 

if (A,Ci,...,Cn) GAT, then |ReA| < C(l + |ReCi| + ■ ■ ■ + |ReCn|)- (1-27) 

Condition (11.271) is stronger than (I1.14p which is equivalent to the existence 
of C G ]0, cxd[ such that 

(1.14)' if (A,Ci,...,Cn) G N and ReCi = ■■■ = ReCn = 0, then ReA < C. 

The matricial PDO (11.260 is said to be hyperbolic in the sense of Carding 
with respect to the coordinate t if the polynomial (ll.2ip satisfies (I1.14p ' 
and (ll.23p . In the proof of Theorem H] it will be shown that for the ma- 
tricial PDO (I1.26P these two notions of hyperbolicity with respect to t 
are equivalent. Therefore Theorem H] may be reformulated as follows: if 
G{di, . . . , dn) satisfies the Petrovskii condition (1.14), then for the semigroup 
{St)t>o C (9^(]R"; Mjnxm) with generating distribution Q{di, . . . , dn) S the 
properties (1.22) and (1.24) are equivalent, and they both hold if and only if 
the matricial PDO (1.26) is hyperbolic with respect to the variable t. 

Suppose that (I1.26P is hyperbolic with respect to t. Let Pm be the princi- 
pal homogeneous part of the polynomial (ll.2ip , and let P be the connected 
component of the set {{a, Ci, • • • , ^n) G M^"*"" : Pm{cr, .^i, . . . , ^n) 7^ 0} which 
contains (1, 0, . . . , 0). By [HI Lemma 8.7.3], r' is a convex cone. Let P^ be 
the closed cone dual to P. Using [HI Theorem 12.5.1] it may be proved that 

r° = {{t,Xi,...,Xn) G M^+" : t > 0, (a;i,...,x„) G convsupp^t} (1.28) 
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where {St)t>o is the i.d.c.s. occurring in Theorem HI By fll.28p . the distri- 
bution N e V'{W;Mmxm) such that {N,ip) = {St, (fit, ■)) dt for every 
(f G P(]R^+") is a fundamental solution of (1.26) with support contained 
in r°. Theorem 4 resembles Theorems V and VI of [Sl^ Sec. 13], and The- 
orems 12.5.1 and 12.5.2 of [H]. 



2 A link between properties of M^xm-valued 
functions ^ A{^) and (t, ^) exp{tA{^)) 

Theorem 2.1 (The Shilov inequality). Let A G Mmxm- Then for every 
t G [0, oo[ one has 

l|exp(M)||M,„..<p(exp(tA))(l + X;^PIlkx™) (2-1) 

and 

p{exp{tA)) = e*"^^^i^^'^(^) (2.2) 
where p stands for the spectral radius, and cr{A) denotes the spectrum of A. 

The equality (12.21) follows from the spectral mapping theorem. The Shilov 
inequality (12. ip is an elaborate result of the theory of functions of matrices. 
See [Sh], [Gil Sec. 1.4], [OSl Sec. II.6], [F, Sec. 7.2]. We say that $ C 
xm) is a set of uniformly slowly increasing functions if for every 
a G there is K G No such that sup{(l + |e|)-^"||(5/9O°0(OllAf„x™ : 
G $, ^ G R"} < oo. 

Proposition 2.2. For any A{-) G (9Af(R"; Mmxm) the following three con- 
ditions are equivalent: 

maxRea(A(0) = 0(log|^|) as |^| ^ oo, (2.3) 

for every T G ]0, oo[ there are C G ]0, oo[ and k E N such 
that 

\\exp{tAm\M^.^< Oil + \^\)' 

whenever t G [0, T] and ^ G R", (2.4) 

whenever T G ]0,oo[, then {exp(ty4(-)) : t G [0,T]} is a set of 
uniformly slowly increasing infinitely differentiable Mmxm.- 
valued functions on . (2-5) 
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Proposition 2.3. For every A{-) G Om(^'^'', Mmxm) (ind Sq G M the follow- 
ing five conditions are equivalent: 

sup{Re A : A G (t(A(0), ^ G M"} < Sq; (2.6) 
there is k ^'Hq such that for every e > 0, 

sup{e-(-'+^)*(l + |e|)-1|exp(M(0)||M„.„ : 

t G [0,oo[, ^ G R"} < oo; (2.7) 



for every £ > there is k such that 

sup{e-(^°+^)*(l + |el)-1|exp(t/l(0)||M„.. : 

t G [0,oo[, ^ G R"} < oo; (2.7)^ 

for every a G Nq there is k^ G Nq such that for every e > 0, 

sup{e-(^°+^)*(l + |^|)-'=1|(9/90"exp(M(0)||Af..,„ : 

t G {0,cx)[, ^ G R"} < cx); (2.8) 



whenever e G ]0, oo[, then {e"*^'^""'"^^* exp(tA(-)) : t G [0,oo[} 
^s a set of uniformly slowly increasing infinitely differentiable 
Mmxm-valued functions on MJ^ . (2.8)* 

Our proofs of Propositions 12.21 and 12.31 are based on the Shilov inequality. 
In [HI Sec. 1.5], in the proof of the prototype of Proposition 12. 2[ instead 
of the Shilov inequality, I. G. Petrovskii used [P], Sec. 1.5, Lemma 5]. We 
shall prove Propositions 12.21 and 12.31 according to the schemes fl2.3p ^ fl2.4p 
=»(I23D^(I23D^(E3D and where 
the imphcations ([23D^([MD and ^Ml^UM*^^^* are trivial. 

Proof of (O^dH- If A{-) G CA,/(R";M^xm) and holds, then, by 
flO) and (I22D, for any fixed T G ]0, oo[ there are C, D g ]0, oo[ and I G No 
such that for every (t,C,) G [0,T] x R" one has 

l|exp(tA(0)l|M,„.. < e* — ^-(-^(«)) (l + ^ll^(Ollk>< J 

^ fe=i ■ ^ 

<e^^a+Mi+|,|))(i + 2TP(0||M..J™-^ 
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so that (12. 4p is satisfied. Conversely, if (12. 4p liolds, tlien tliere are C G ]0, oo[ 
and k e No sucli tliat ||exp A(0||a/„x™ < C{1 + \^\)'' for every ^ e M", 
whence, by (12.20 . 

max Re ct(A(^)) = logp(exp 

< log||expA(0||Af„.,„ < logC + fclog(l + lel), 

so that (O holds. 

Proof of If dMD holds, then, by dH]) and (Q, for every t e 

[0, oo[ and ^ G M" one has 

m— 1/1 I II A / c\U \m—l 



Furthermore, since A{-) G Cm(IR"; ^mxm), there are C G ]0, oo[ and / G Nq 
such that ||^(OI|Mmxm — + for every ^ G M". The above inequalities 
imply (122D. 

Proof of (|2T|)*^ (12:61). By (Q, 

maxRea(A(0) = ^ logp(exp(M(0)) < ^ log ||exp(tyl(0)||M„x„ 

for every t G ]0, oo[ and ^ G M". So, if (12. 7p * holds, then for every e > 
there are C G ]0, cxd[ and A; G N such that 

maxRea(A(0) < sq + £ + j log(C(l + lel)'^) 
for every t G ]0, oo[ and C, G M*^, whence (12.61) follows. 

Proof of (EaD^dSS]) and (ETD^iEHl). The proofs of these implications 
are similar, and both base on the argument of I. G. Petrovskii from the 
proof of [B Sec. 1.2, Lemma 2]. We shall limit ourselves to (12^1) ^(12:81). 
For every a G Nq let 



[/.,(0 = (9/aO"exp(tA(0). 



Consider the condition 



there is ka G Nq such that for every e > there is Ca,e in 
]0, oo[ such that whenever (t, ^) G [0, oo[ x M", then 

||f/a,(OllM„.. < C«,.e(^«+^)*(1 + \^\)'-. (2.9), 
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Then (12. 7p means that (2.9)o holds, and (12. 8p means that (2.9)q holds for 
every a E Nq. So, still assuming that A{-) G OMiM"', Mmxm), we have to 
prove that (2.9)o implies (2.9)q, for every a G Nq. We proceed by induction 
on the length of a. By (12.71) . (2.9)o is satisfied. Suppose that (2.9)/? is satisfied 
whenever \/3\ < I, and take a G Nq such that |a| = Z + 1. To prove (2.9)q,, 
put 

Since A{-) G CM(K";M^xm) and (2.9)^3 holds whenever \/3\ < /, it follows 
that 

there is G No such that for every e > there is D^.e G 
]0, oo[ such that whenever (t, ^) G [0, oof x M", then 

IIKXOIIm... < D^,J^<>^^^\i + lei)'^^ (2.10)„ 

One has 

§-UaAO = |(|)"-^P(^^(0) = (|)"[^(Oexp(tA(0)] 

= A(Of/.,t(0 + v;,i(0 

and UafiiO = because |a| = / + 1 > 1. Hence 

U.,t{0 = [\eMit - r)A(0)]K,t(0 dr. (2.11) 
Jo 

From (2.9)o, (2.10)„ and fl2ll]) it follows that 

\\Ua,t{0\\M^^m 

< f Co,./2e(^°+^/')(*-^ni + |^|)'''^a,./2e(^°+^/')^(l + dr 
Jo 

= Co,./2/^a,./2te(^«+^/2)*(l + 1^1)'="+'^" < Q,e(^«+^)*(1 + lel)'^" 
for ka = ko + ha and C^.e = C'o,e/2-Da,£/2 maxtg[o,oo[te~^^''^^*- 



3 Proof of Theorem 1 

Necessity of (fTTTD . Suppose that (^t)t>o C C^(M";M„ 

xmj IS an i.d.c.s. 

with generating distribution G G C^(M";Mmxm)- Let A = J'G. Then 
A,3'St G OA/(M";M„xm) and (3^5t)(0 = exp(tA(0) for every t G [0,oo[ 
and ^ G Since the mapping [0, oo[ 3 t [exp{tA{-))] ■ = (J'St) ■ G 
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Lb(iS(]R"; C™); iS(M'"'; C")) is continuous, the Banach-Steinhaus theorem im- 
phes that whenever T G ]0, oo[, then the set of multiphcation operators 
{[exp(M(-))] • : t G [0,T]} is an equicontinuous subset of L(5(M";C™); 
5(M";C™)). By [K3l Theorem 3.1], this is equivalent to By Propo- 

sition 2.2, (123]) is equivalent to O. Since A = J'G, is nothing 

but (ITTTD . 

Sufficiency of ffTTTD . Suppose that G G C;.(M"; M„xm) satisfies ffLTTD . 
Let A = JG. Then A G Ca/(M"; M^xm), and A satisfies (EJ]). Hence, 
by Proposition 12.21 and |K3t Theorem 3.1], whenever T G ]0, cxd[, then 
{[exp(tA(-))] ■ : t G [0,T]} is an equicontinuous subset of L(5(M";C""); 
5(M";C™)). By the theorem on differentiating a solution of an ODE with 
respect to a parameter [Hal Sec. V.4, Corollary 4.1], the mapping M^+" 3 
(t, ^) exp(tA(^)) G Mmxm is infinitely differentiable, and hence, by |K3l 
Theorem 3.2], so is [0,oo[ 3 t ^ [exp(M(-))] ■ G Lfe(5(R"); and 
its right derivative at zero (computed in the topology of L{,(5(]R"; C™"); 
S{W-C^))) is A- G L{S{W)-S{W)). It follows that G* = (S^-^A) * = 
3^-1 o (A-) o G L(>S(M";C"");5(M";C"')) is the infinitesimal generator 
of the infinitely differentiable operator semigroup ([3""^ exp(t74(-))] *)t>o = 
(3^-1 o [exp(tv4(-))] ■) ° 3')t>o C L6(5(M";C™);5(M";C'")). Consequently, 
G = 3^^^ A is the generating distribution of the i.d.c.s. (3^^^ exp(tA(-)))(>o C 

4 Proof of Theorem 2 

Let {St)t>o C O'fjiW^; Mmxm) be an i.d.c.s. with generating distribution G G 
0^(M";M„xm)- Put A = JG. Then A, G M„xm), condition 

(b) from the Lemma from Sec. 1.4 is satisfied, and (exp(tA(-))) ■ = 3^o (Si *) 
o 3^-1 for every t G [0,oo[. Since S'^S'-^ G L(5(M"); 5(M")), for io{{St)t>o) 
defined by (11.131) one has 

oo{{St)t>o) = inf{u; G M : {[e"'^* exp(M(-))]- : t G [0,oo[} is 

an equicontinuous subset of Lb{S{W; C™); 5(M"; C™))}. 

From |K3l Theorem 3.1] it follows that whenever sq G M, then 

tj((5t)t>o) < So + e for every e>0 (4.1) 

if and only if (12. Sp * holds. Hence, by Proposition 12. 3[ the condition (14. ip 
is equivalent to (12. 6p . This implies that the growth bound of the i.d.c.s. 

{,St)t>o C 0'(j(W^; Mmxm) is equal to the spectral bound of G, where both 
these quantities may well be infinite. 
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5 Condition (11.221) implies Carding hyper- 
bolicity 

Let {St)t>Q C O'fjiMJ^; Mmxm) be an i.d.c.s. with generating distribution 
G = Q{di, . . . , dn) ® 5, so that the condition (11.141) is satisfied. Then 3^ St G 
C>m(K"; Mmxra) and (3'5t)(0 = exp(t^(iO) for every t e [0, oo[ and ^ G M". 
Suppose that (fT:22|) holds, i.e. G ^'(M";M^xm) for some to G ]0,oo[. 
Then, by the Paley-Wiener-Schwartz theorem, i.e. by pi Theorem 7.3.1] 
or |K-Rl Theorem 8.57], there are C,k,l G ]0, cxd[ such that whenever G C", 
then 

||exp(to^«))||M..„ = ||(3^5,J(C)||m... < Cil + IClYe'"'^^. (5.1) 
For every G C" put 

A(C) = maxRea{g{iC)). 

Then 

A(C) = max{Re A : A G C, P(A, Ci, • • • , Cn) = 0} 

where 

P(A, Cl, • • • , Cn) = det(Almxm - GiCl, Cn)) 
= A™ + Qm-l(Cl! • • • ) Cn)A™ 

+ --- + gi(Ci,...,Cn)A + go(Ci,---,Cn). 



Let 



= inf{p G ]0, oo[ : sup (1 + |C|)""A(C) < oo}. 

CeC" 



By ([22D and there is fsT G ]0, oo[ such that 

A(C) < to'log||exp(to6^(zC))||M™.„ < Kil + |C|) 
for every C G C". Consequently, 

Po < 1. (5.2) 

By the Gelfand-Shilov theorem on the reduced order |G-Sl Sec. II. 6. 2], [Fl 
Sec. 7.2, Theorem 4], 

Po = max (m - k)~^ deg Qk, 

k=0,...,'m—l 

SO that, by (15. 2p . degQ^ < m — k for every /c = 0, . . . , m — 1, and hence 
degP = m, proving (11.231) . 
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6 Garding hyperbolicity implies Ehrenpreis 
hyperbolicity 

Suppose that {St)t>o C 0'fj(W^; Mmxm) is an i.d.c.s. with generating dis- 
tribution G = Q{di, ...,dn) ^6. Let P(A, Ci, • • • , Cn) = det{Xlmxm - G{Ci, 
. . . ,(n))- Then, by Theorem 3, f ll.l4p ^ holds, i.e. sup{Re A : A G C and there 
is (^1, ... , ^n) € IR" such that P(A, i^i, . . . , i^n} = 0} = So{Q) < oo. Suppose 
moreover that (11.23^ holds, i.e. degP(A, Ci, • • • , Cn) = rn. 

By [iT, Theorem 12.4.2 and Lemma 8.7.3], the above properties of 
P(A, Ci5 • • • 5 Cn) imply that F defined in our Sec. 1.5 is an open convex cone 
with vertex at zero. From the definition of F it follows that F contains the 
open halfiine {(t, 0, . . . , 0) G : t > 0}. From [HI Theorem 12.4.4] *i it 

follows that 

whenever {uq, i^i, ■ ■ ■ , I'n) G L, (^, . . . , in) e M", A, /i G C, 
Re A > so(^) and Re/i > 0, then 

P(A + /iZ/Q, 2^1 + /iZ/i, . . . , i^n + /iw„) ^ 0. (6.1) 

Fix r > so large that 

Kr := {{uo, z/i, . . . , Un) G : > r, z/? + ■ ■ ■ + < 1} c F. 

Let (ei,...,en),(r?i,...,//n) GM", /i= l + |r/| = l + ir]l + --- + r]iy/^,{uo,iy,, 
■ ■■,i^n) = (r,r7i/(l + |r7|),...,?7„/(l + |?7|)). Then (i/q, • • • , m„) G i^r C F, and 
if A G C and 

ReX> So{g) + {l + \7]\)r, 

then, by (KT^ . 

+ ?7i, . . . + ?7n) 

= P((A - (1 + \ri\)r) + fiuo, i^i + fiui, . . . , + /iz/„) 7^ 

because Re(A — (1 + > so{Q). It follows that 

whenever (A, Ci, ■ ■ ■ , Cn) G Ci+" and P(A, Ci, • • • , Cn) = 0, 
then 

Re A < SoiQ) + r + r((ReCi)' + ■ ■ ■ + (Re Cn)')'/'- (6.2)+ 

By [Gl Lemma 2.2] or [HJ Theorem 12.4.1], if the polynomial P(A, Ci, • • • , Cn) 
satisfies fl 1.141) ^ and fll.23p . then so does P(— A, Ci, • • • , Cn)- Since (6.2)+ is a 



*^ One could also use (Gl Lemma 2.6], but in [G] the open convex cone F has a 
definition equivalent to but formally different from ours, which is taken from [H] . 
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consequence of the properties fll.l4p ^ and f ll.23p of P(A, Ci, • ■ • , Cn), it follows 
that the properties f ll.l4p ^ and (11 .230 of P{—\, Ci, ■ ■ ■ , Cn) imply that there 
is r' > such that 

whenever (A,Ci,...,Cn) e Ci+" and P(A, Ci, • • • , Cn) = 0, 
then 

- Re A < soi-Q) +r' + r'((Re Ci)' + ■ ■ • + (Re C)')'/'- (6.2)_ 

Together (6.2)_|_ and (6.2)_ mean that (11.270 is satisfied, i.e. the matricial 
PDO (11.260 is hyperbolic in the sense of Ehrenpreis with respect to the 
coordinate t. 



7 The Ehrenpreis hyperbolicity imphes (11.241) 



Suppose that the system (I1.26P is hyperbolic in the sense of Ehrenpreis with 
respect to the coordinate t. This means that whenever (A, Ci, • • • , Cn) ^ C^"*"" 
and 

P(A, Ci, . . . , Cn) = det(Al™x™ - GiCi, Cn)) = 0, 

then 

|Re A| < C(l + ((ReCi)' + ■ ■ ■ + (ReCn)')'/') 
for some C G ]0, oo[ independent of (A, Ci, • • • , Cn)- Since 

a(^«)) = {AGC:P(A,^C,...,<) = 0}, 

it follows that whenever (Ci, . . . , Cn) ^ C", then 

max \Rea{g{tO)\ < C{1 + ((ImCi)' + ■ ■ ■ + (ImC„)')'/'). (7.1) 

By dsn) and ([22D, this implies that 

l|exp(t^(<))||M...<e^l*l(l + X;^ll^(<)llk.J^'''*''^"^' 

^ fc=i ■ ^ 

< e^l*l(l + 2|t|)™"^Z}(l + |C|)('"~^^'^e^l*ll^°'^l, (7.2) 

for every (t, C) G M x C where C,D G ]0, oo[ are independent of (t, (), and 
c? G No is the maximum of the orders of the scalar PDO which are the 
entries of Q{di, . . . ,dn)- By the Paley- Wiener-Schwartz theorem, i.e. by 
[Hi Theorem 7.3.1], (17. 2p implies that there is a one-parameter convolution 
group {St)tm C S'{W^; M^xm) such that 

(J5t)(C) = exp(t^«)) for every {t, C) G M x (7.3) 
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and 

max{|x| : x G suppS'j} < C\t\ for every t G M. 

The convolution group {St)tm is an extension of the i.d.c.s. {St)t>o C 
C^(]R"; Mmxm) with generating distribution Q{di, . . . , 9„) ® S which exists 
by Theorem [3] because (17. 11) ^ (11. 14p . Furthermore, by (17.21) . one has 

||^«)^exp(t^«))||M™.,„ 

< e^l*l(l + 2|t|)™-^Dfc(l + |C|)("'+''~^^^e^l*ll^'"^l (7.4) 

for every (t, C) G M x C" and k E Nq. By the theorem on differentiating a 
solution of an ODE with respect to a parameter ( |Hal Sec. V.4, Corollary 
4.1]), the mapping M x C" 9 (t, C) ^ exp(t^«)) G M^xm is infinitely 
differentiate. Since (d/dt)'' exp{tg{iC)) = ^«)^ exp(t^«)), from ([73]) 
and |E2l Sec. V.5, Lemma 5.17] it follows that the mapping M 9 t i— )► S't G 
S'iM."", Mmxm) is infinitely differentiate in the topology of £'{R"-; Mmxm)- 

8 Application to the Cauchy problem 
8.1 Well posedness spaces 

Let Q{di, . . . , dn) be an m x m matrix whose entries are PDOs on M" with 
constant complex coefficients. Suppose that 

sup{ReA : A G cT(^(iO)> ^ e M"} < oo. (ii) 

Then, by Theorem 3, there is a unique infinitely differentiable convo- 
lution semigroup (5'()(>o C O'^iW"; Mmxm) with generating distribution 
Q{di, . . . , dn) ® S. Suppose moreover that 

E is a sequentially complete l.c.v.s. continuously imbedded in 
cS'(M"; C™) such that (St *)E C E for every t G [0, oo[, and 
the mapping \^,oo[x E 3 {t,u) ^ St * u E E \s separately 
continuous. (iii)s't e 

Define the operator Qe from E into E by the conditions 

D{gE) = {ueE:g{d^,...,dn)uEE}, 
Qeu = g{di, . . . , dn)u for u G D{Qe)- 

Theorem 5. Suppose that conditions (ii) and {lii) St,E are satisfied. Then 
for every A; = 1, 2, . . . , oo the Cauchy problem 

^u{t) = g{di,. . . ,dn)u{t) fort e[0,oo[, u{0) = uo, (iv) 
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with given Uq G D{Q'^) has a solution u{-) G C'^dO, oo[; E) which is unique 
in the class C^([0, oo[; 5'(M"; C™")). This solution is given by the formula 

u{t) = St* Uq for t G [0, oo[. (v) 

Thanks to Theorem |5] it is legitimate to call E the well posedness space 
for the Cauchy problem (iv) if conditions (ii) and (iii)^^^ are satisfied. 
Theorem |5] confirms the observation of L. Hormander [Hi notes at the end 
of Chapter 12] that the Petrovskii condition (ii) is related to well posedness 
of the Cauchy problem for PDOs with constant coefficients in L. Schwartz 
spaces S and S'. 

Remark. Let Z(C"; C™) be the space of C™-valued functions holomorphic 
on C" such that G Z(C"; C") if and only if there is a = a{(f) G ]0, oo[ 
such that sup^gcn(l + ||2;||)^e"''ll^'''''ll < oo for every k e N. Let 

Z(C";C"")|Mn be the set of restrictions to M" of functions in Z(C";C™). 
By the Paley-Wiener theorem ([HI Theorem 7.3.1], \K-Ii[ Theorem 8.51]), 
Z(C";C"^)|Mn = g^r'(M";C™), so that Z(C";C™)|Mn is a dense subset of 
5(M";C™) = J5(M";C™). If E = Z(C";C™)|Mn, then the Cauchy problem 
(iv) is well posed for every Q{di, . . . , dn) independently of whether (ii) holds 
or not. Indeed, ii E = Z(C"; C™)|]Rn, then (instead of appealing to Sec. [2] 
which enables the use of the Lemma from Sec. 1.4) in order to conclude 
that the Cauchy problem (iv) is well posed it is sufficient to observe that 
the mapping R 3 t ^[exp t^(z z ■)] • G ^^(©(M"; C™); I?(M"; C")) is 
infinitely different iable because so is the mapping R^+" 3 {t,^i, . . . ,^n) ^ 
ex.p{tg{i^i, . . .,iU)) e 

xm- 

8.2 Examples of well posedness spaces 

Examples of spaces E satisfying {in)g^ ^ ^'^^ es.ch Q{di, . . . , dn) satisfying (ii) 
include: 

(a) the spaces of infinitely differentiable functions iS(]R"; C'") and 
Plp(K";C'") = {ugC~(M";C'") : (9°mGLp(M";C'^) for every a G 

p e [i,oo], 

(b) the spaces of distributions 5'(M"; C™), C"") and 

P^,(M-C'") = (Pip)'(R";C'"), gG]l,cx)], p = q/{q-l). 

Examples of spaces E depending on Q(di, . . . ,dn) such that the Cauchy 
problem (iv) is well posed whenever Q{di, . . . , 9„) satisfies (ii) include: 
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(c) the T. Ushijima space 

UgiW; C™) = {ue L\W; C™) : (^(^i, . . . , G ^^(M"; C™) 

for every k = 1,2, . . .} 

occurring in [HI Theorem 10.1], 

(d) the Banach spaces Bj\j-,p of G. Birkhoff [B], 

(e) the Hilbert spaces Cb of S. D. Eidelman and S. G. Krein discussed in 
m Sec. 1.8.2]. 

In the cases (c)-(e) the well posedness of the Cauchy problem (iv) follows 
directly from the results of [U], [B] and [K] without reference to C^(]R"; C"^) 
and (v). Notice that in [P], [U] and |K2j it is proved that if E is equal to 
either of the spaces Ploo(M"; C"), Vl2{W; C™) or Ug{W; C"), then (ii) is 
necessary for well posedness of the Cauchy problem (iv). (The arguments 
from [P] and [U] are quoted in |K2] .) 

From among the spaces r'Lp(M";C™), p G [l,oo], the largest one is 
Pi,°°(IR"; C"^) whose dual is not a space of distributions and does not occur 
in (b). The fact that if (ii) holds, then the Cauchy problem (iv) is well posed 
for E = Vlo.{W; C""), was first proved by I. G. Petrovskii [P] in 1938. From 
among the spaces D^9(]R"; C"), g G ]1, oo], the largest one is 15^00(1^"; C™), 
i.e. the space of C^-valued distributions on bounded in the sense of 
L. Schwartz. An alternative notation for l^^oo is B'. 

The space C>M(ffi"; C™) cannot be included in (a) because C»m(K"; C^) is 
not a well posedness space when Q{di, . . . , dn) = iA. Indeed iA satisfies (ii) 
and, in accordance with Example 1 of Sec. 1.4, the i.d.c.s. whose generating 
distribution is iA6 extends to a one-parameter group {St)teM. C C^(]R") 
such that St G O'dW) n Om{R'') for every t G M \ {0}. Fix to e ]0, oo[. 
Then, by Theorem 5, the Cauchy problem 

j^u{t) = iAuit) for t G [0, oo[, u(0) = (iii)^ 

has in the class C^([0, oo[; i5'(]R'"')) a unique solution. Since this unique so- 
lution is given by the formula u(t) = St* S-t^ it follows that m(0) = S-t^ G 
Cm(I^") and M(to) = S ^ OmO^"")- Consequently, the Cauchy problem (iii)o 
has no solution in the class C"'^([0, oo[; Cm (I^"))- 

8.3 Well posedness of the spaces VLviW"] C^) 
We shall use the following 

Lemma. Let {St)t>o C Oc{R^', Mmxm) be an i.d.c.s. with generating dis- 
tribution Q{di, . . . ,dn) ® 6 satisfying (ii). Then there are jo ^ N and a 
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continuous mapping [0,oo[ 3 t ft E L^iW^; Mmxm) having the three 
properties: 

(a) ft G L\R^; M^^^) n 0^(M"; M„xm) for every t G [0, oo[, 

(b) St = {I — ^y°ft for every t G [0, oo[ where the right side is understood 
in the sense of S'{W^; Mmxm) , 

(c) suptg[o,oo[e"('°^^)+")i/t||Li(R";Af,„x™) < for every e > 0. 

Before proving the lemma let us show how it implies that ©^.^(R"; C™), 
p G [l,C)o], are well posedness spaces. Let {St)t>o C C^(]R"; M^xm) be an 
i.d.c.s. whose generating distribution Q{di, . . . , (9„) ® S satisfies (ii). When- 
ever t G [0, oo[ and M G VipiW; C"") then 

St*u = {{l- AY^ft) *u = ft*{{l- AYu) 

because St, ft e Mmxm) and u G 5'(M"; C™). The continuity of the 

mapping [0, oo[ 3 t ft E L^(M";Mmxm) implies the separate continuity 
of the mapping 

[0, oo[ X I?ip(R"; C™) 3 {t,u) ^ St*u = ft* ((1 - A)^»?i) G I?lp(M"; C™). 

Finally, Dx,p(I^"; C"^) is sequentially complete, and it is continuously imbed- 
ded in iS'(M"'; C™). Consequently, the condition {ni)st^E is satisfied for E = 
Plp(R";C™). 

Proof of the Lemma. By the estimation (12. 8p from Proposition 12. 3^ and by 
the statement (2.8) from [K3] , for every fixed jo ^ N and t G [0,oo[ the 
function gt : W' 3 ^ ^ {1 + exp(t^(iO) e M^xm belongs to 

CM(M";M^xm). Let ft = -J'^gt. Then /* = C^(M";M„xm) and (1 - 
^y°ft = 3'~^(exp(t^(i ■))) = St- The Lemma follows once we prove that if jo 
is sufficiently large, then each distribution ft G C^(]R"; M^xm), t G [0, oo[, 
is represented by a function belonging to L^(R"'; Mmxm) such that the map- 
ping [0, oo[3 t ft E L^iW"; Mmxm) is locally lipschitzian and satisfies (c). 
We shall base on the fact that 

if T G S'{W- Mmxm) and (1 - A)["/2]+lf G L\W; Mmxm), 

then T G L^{W; Mmxm) and 

||T||Ll(Mn.M„x™) < C'IKl - A)^"/^l + ^T||il(]Ru.M^Xm) (8.1) 

where C G ]0, oo[ depends only on n. To prove (18. ip it is sufficient to 
note that one has dense imbeddings S{M"'; Mmxm) C L^(M."-; Mmxm) C 
S'{R^; Mmxm) and if G 5(M"; M„xm), then 

IIv^IUhr^m^x.) < C sup(l + |xn["/2]+i^(x)||M.x. 

<C||(l-A)["/2l + Vl|Ll(r;M„x™)- 
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In order to prove the Lemma, we shall apply (18. ip to T = [d/dtYft where 
/ = 0, 1 and if: G [0, oo[. For this T one has 

((1 _ A)["/2i+if )(o = (1 - A^)["/2]+^((i + i^i')-'" moYeMtom), 

so that (1 - A)["/2]+if e Caj(M"; M^xm), again by ([2l]) from Proposition 
12.31 and (2.8) from [K3j . In order to show that if jo is sufficiently large, then 



it is sufficient to prove that whenever 



jo G N is sufficiently large and k G Nq is a multiindex of length \k\ < n + 2, 
then the Mmxm-valued function 

is integrable on M". 

The Leibniz formula, the estimation (12. 8p from Proposition 12. 3[ and the 
statement (2.8) from |K3] imply that for every e > there is G ]0,cxd[ 
such that whenever IkI < n + 2, then 



E 

|K|<n+2 



< 



d_ 



[(i + ier)~^"(^(^0)^exp(te;(zO)] 



|a|+l/9| + l7l<n+2 



(a + /3 + 7)! 
a!/3!7! 



+ 



9 



— ) exp(t6;(^0) 



|a| + l/3| + l7l<n+2 



(a + /3 + 7)! 



+ 



In the above d is the maximum of the orders of the scalar PDOs which are 
entries of Q{di,. . . ,9„). If jo is sufficiently large, then all the integrals in 
the last member of the estimate are finite, so that (1 — A)t"/^l"'"^((i/(it)'/t G 



Li(M";M„xm) and 



] ^'^m X m ) 



for every t G [0, oo[, / = 0, 1 and e > 0, where G ]0, oo[ is independent 
of t and /. By (18. ip . this implies that ft G L^(M";Mmxm) for every t G 
[0, oo[, and the mapping [0, cxd[ 9 t i— )■ G L-'^(]R"; Mmxm) is continuous and 
satisfies (c). 
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8.4 Well posedness of the dual spaces 

Let E be an l.c.v.s. continuously imbedded in iS'(M"; C™). Suppose moreover 
that iS(M"'; C™") is densely and continuously imbedded in E. Let 

= |t e S'{W; C") : the linear functional 

m 

is continuous on iS(M"; C™) in the topology induced by E^. 

Then each T & E' uniquely extends to a continuous functional on E, and 
may be identified with that functional. E' is equipped with the topology of 
uniform convergence on bounded subsets of E. 

Assume that Q{di, . . . , dn) satisfies (ii), and let {St)t>Q C Mmxm) 
be the i.d.c.s. with generating distribution Q{di, . . . , dn) ® S. Then ^^(— 9i, 
. . . , —dn) also satisfies (ii), and {Sl)t>o C 0^(M"; Mmxm) is the i.d.c.s. with 
generating distribution 9i, . . . , — (9„) ® S. (The above observation is 
related to Sec. 14].) Assume in addition that 5(M";C™) is dense in 
the l.c.v.s. E, and E is a. Montel and hence barrelled space continuously 
imbedded in 5'(R"; C™). Then 

(iii) 5t,i? implies (iii)5^,£;,. 

Indeed, the sequential completeness of E' is a consequence of the barrelled- 
ness of E. Continuous imbedding of E' in iS'(]R"; C"*) follows from dense and 
continuous imbedding of ^(R";^") in E. The other properties of {St)t>o 
and E' listed in (iii)^^ ^, follow from the equality 

{St*T,u) = {TJl*u) 

for all t G [0, ool u E E and T G E' . 

8.5 Well posedness of <S'(M"; C"*) and uniqueness of so- 
lutions 

If Q{di,. . . ,dn) satisfies (ii), then, by the argument presented in Sec. 8.4, 
5'(M"; C™) is a well posedness space. Consequently, 

iiSt*)\s'iu^,c^))t>o C L(5'(M";C™);5'(M";C'")) 

is a one-parameter operator semigroup of class (Co). Since 5'(]R";C"*) is 
a Montel and hence barrelled space, from infinite differentiability of the 
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convolution semigroup {St)t>o C C^(R"; M^xm), it follows by the Banach- 
Steinhaus theorem that the operator semigroup {{St*)\s'{R";C"^))t>Q is in- 
finitely differentiable in the topology of Lb{S'{W;C'^);S'{W;C'^)). The 
infinitesimal generator of this operator semigroup is the differential opera- 
tor 

g{d,, . . . , 9„) e L{S'{W; C"^); 5'(R"; C"^)). 
Prom the above it is easy to infer that 

^[('S't *)|5'(IR";C'")] — S{dl, ■ ■ ■ , dn){St *) |5'(IR";C'") 
— St* g{di, . . . , dn)\s'{R";C-^) 

for every t G [0, oo[, where the derivative is computed in the topology 
of Li,(5'(M"; C™"); 5'(M"; C™")), and is understood as the two-sided deriva- 
tive if i e ]0,oo[, and as the right derivative if t = 0. Consequently, if 
Uq e S'{W^;C^), then the Cauchy problem (iv) has the solution u{-) G 
C°°([0, oo[; S'{W; C"^)) given by formula (v). If m(-) G C^{[0, oo[; S'{W; C"^)) 
is any other solution of (iv), then for every t G ]0, oo[ and r G ]0, t[ one has 

^{St-r * u{t)) = lim \{St-r-h - St-r) * u{t) 

+ lim St-T-h * -^u{t) 



+ lim St-T-h * 

]0,t-r]3h^0 



^{u{t + h) - u{t)) - ^u{r) 



^St-r)*u{r) + St-r*^u{r) 

^[St-r*{-g{du...,dn)^S)]*u{T) 

+ St-r*[{g{d,,...,dn)^S)*u{r)]^0 

in the topology of 5'(R";C"'). Indeed, <S'(R";C"*) is barrelled, so that, by 
the Banach-Steinhaus theorem, the set of convolution operators {St-r-h* '■ 
h e [0,t - r]} is an equicontinuous subset of L{S'{W;C"');S'{W 
whence 



lim St-T-h * 



^ ( u{t + h) - u{t) - -j-u{t) 
li\ dr 



0. 



Consequently, the continuous function [0,t\ 9 r i->- St-T*u{T) G 5'(R";C"*) 
is constant in the open interval ]0, i[, and hence in [0,t\. It follows that 
u{t)-St*uo = St-r*u{T)\lzi = 0. Hence in the class C^([0, oo[; 5'(R"; C"^)) 
the Cauchy problem (iv) with uq G «S'(R"';C"^) has a unique solution, and 
this solution belongs to C°°([0, oo[; »S'(R"'; C"*)) and is represented by (v). 
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8.6 Proof of Theorem [5] 

Suppose that (ii) holds and E is any l.c.v.s. satisfying {in)s^ Then 
{{.St*)\E)t>Q C L{E,E) is a (Cq)- semigroup of operators. Fix Uq G E. The 
trajectory t St * Uq belongs to C([0, oo[; E) and, in view of Sec. 8.5, it 
belongs to C°°([0, oo[; 5'(M"; C™)) and the right derivative * 
computed in the topology of iS'(]R"; C™') is equal to Q{di, . . . , dn)uo. If the 
right derivative ^|^_g(5'j * Uq) exists in the topology of E, then it has the 
same value Q{di, . . . ,dn)uo. This leads to the conclusion that the infinites- 
imal generator of the operator semigroup {{St*)\E)t>o C L{E;E) is equal 
to the operator Qe- By [Kll Theorem 3.3] (based on the R. E. Edwards 
boundedness principle for sequentially complete l.c.v.s. [El Theorem 7.4.4]), 
whenever uq G D{Qe) and t G ]0, oo[, then St*UQ G D{Qe) and the two-sided 
derivative -^{St * uq) computed in the topology of E satisfies the equalities 

j^{St * uo) = GEiSt * uo) = St * {GeUo). (8.2) 

Consequently, u(t) = St * uq belongs to Ci{[0, oo[; E) and is a solution of 
the Cauchy problem (iv). The uniqueness of this solution is a consequence 
of Sec. 8.5 and the fact that m(-) G C°°([0, oo[; 5'(M"; C'")). From (ES]) it 
follows that if Uq G /^(^I) where A; = 2, 3, ... , then u{-) G C'HO, oo[;E). 



Appendix. Proof of (11.281) 



Let Q{di, . . . , dn) he an m x m matrix whose entries are PDOs on M" with 
constant complex coefficients. Assume that conditions (11.141) and (I1.23P 
are satisfied, so that, by Theorem HJ there is a unique i.d.c.g. {St)tm C 
S'iM"", Mmxm) with generating distribution Q{di, . . . , dn) ® S. Take any to G 
]0,cx3[. By the Paley-Wiener-Schwartz theorem, i.e. by [HI Theorem 7.3.1] 
or [K-R[ Theorem 8.57], 3^Stg = exp{toQ{i ■)) can be extended to an Mmxm- 
valued function holomorphic on C" such that for some C G ]0, oo[ and / G No 
one has 

||exp(to^«))||M... = mSt,m\\M^.^ < C{1 + \C\ye^oii.nO 

for every C G C" where 3 t] Ho{ri) = sup{xri : x G supp St^} G M is 
the supporting function of suppSfp. By (12. ip and (12. 2p . it follows that 
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and so 

\\{3'Stm\\M^.^ = \\expitg{tcmM, 



mxm 

m—1 



^ k=i " ^ 



< 



m— 1 



Tj W \- -y J \\ Mr, 

k=l 



for every (t, () G [0, oo[xC". Since G{iC) is an mxm matrix with polynomial 
entries, it follows that for every t E [0, oo[ there are Ct,kt G ]0, C)o[ such that 
||(3^^t)(C)l|Af„x,n < Ct{l + |C|)'='e*o'*^o(imC). Hence, by the Paley-Wiener- 
Schwartz theorem, 

- conv supp St C — conv supp St^ for every t G [0, oo[. 
t to 

Since t and to can be interchanged, one concludes that 
1 1 

- conv supp St = — conv supp St^ for every t G [0, oo[. (A.l) 

t to 

The formula 



oo 



Eiif)= / Stiipit,-))dt, ^Gl?(M^+"), 
Jo 

defines a fundamental solution E for the matricial PDO (11.261) with support 
contained in the cone 

K = {{t,xi, . . . , Xn) G M}^^ ■ t > 0, (xi, . . . , Xn) G conv supp St} 
= {{t,xi, . . . ,Xn) G ]R^+" : t > 0, (xi,...,a;„) G ttg^ conv supp 

where the equality is a consequence of (A.l). Consequently, E = det.,, 
is a fundamental solution for the operator P{di, di, . . . , 9„) = det(lmxm ® 
dt — Q{di, . . . , dn)). In the above det* is the determinant in the sense of the 
convolution algebra O'^jiW^). It follows that supp E C K. Since K C := 
{{t,xi, . . . G M^+" : t > 0}, from [H Theorem 12.5.1] it follows that 

suppler", (A. 2) 

and 

whenever if is a convex cone with supp E G H G , then 

ro C H. (A.3) 
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From (A. 3) it follows that 

r° C K. (A.4) 
In order to prove the inclusion opposite to (A.4), first we shall show that 

suppEcr°. (A.5) 

The above inclusion follows from (A. 2) and the equality 

E =[adi{lmxm^dt-g{di,...,dn))]^E. (A.6) 

Indeed, Ei = E and E2 = [adj(lmxm ^ dt — Q{di, . . . , dn))] ® E both 
have support contained in and both are fundamental solutions for the 
matricial PDO (OSD- Moreover t^o^i e S'{R^+''; Mmxm) for i = 1,2 and 
every i9o G C°°(M^+") such that M^^^u ■■■,Xn) = where i9 E V{R). 
These properties of Ei, i = 1,2, imply the equality Ei = E2 (see the author's 
preprint The Petrovsku condition and rapidly decreasing distributions, Inst. 
Math., Polish Acad. Sci., 2011). The equality Ei = E2 means that (A.6) 
holds. Now, (A.5) is a consequence of (A. 2) and (A.6). 

From (A.5) the inclusion 

K cr^ (A. 7) 

may be deduced by an elementary reasoning. Indeed, (A. 7) follows once it 
is proved that 

supp St C := {(xi, . . . , x„) G M" : (t, xi, . . . , x„) G r°} (A.8) 

for every t G [0,oo[. If (A.8) were not true for some to G [0,oo[, then 
there would exist ipo G ^'(IR") such that (supp(y9o) H -T^^ = and 7^ 
Sto{<fo) G Mmxm- Since St{(po) depends continuously on t, there would exist 
ijjo G P(]0, oo[) such that (supp(V'o ® V^o)) n r° = and E(V^o ® v^o) = 
/o°° 4'oi't)St{'^o) dt 7^ 0, contrary to (A.5). Therefore (A.8) is true, and (A. 7) 
holds. The inclusions (A.4) and (A. 7) prove the equality (1.28). 
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